Abstract. Given a compact (Hausdorff) group G and a closed subgroup H of G, in this paper we present symbolic criteria for pseudo-differential operators on compact homogeneous space G/H characterizing the Schatten-von Neumann classes Sr(L 2 (G/H)) for all 0 < r ≤ ∞. We go on to provide a symbolic characterization for r-nuclear, 0 < r ≤ 1, pseudo-differential operators on L p (G/H)-space with applications to adjoint, product and trace formulae. The criteria here are given in terms of the concept of matrix-valued symbols defined on noncommutative analogue of phase space G/H × G/H. Finally, we present applications of aforementioned results in the context of heat kernels.
Introduction
The theory of pseudo-differential operators is one of the most significant tools in modern mathematics to study the problems of geometry and of partial differential operators [22] . The study of pseudo-differential operators is first introduced by Kohn and Nirenberg [28] . Ruzhansky and Turunen [37, 38] studied pseudo-differential operators with matrix-valued symbols on compact (Hausdorff) groups. They introduced symbol classes and symbolic calculus for matrix-valued symbols on compact Lie groups and presented its applications in other directions also. Later, the theory of Pseudo-differential operators with matrix-valued symbols on compact (Hausdoff) groups, compact homogeneous spaces, compact manifolds is broadly studied by several authors [3, 4, 5, 8, 10, 11, 12, 13, 14, 19, 29, 30, 32, 33, 37, 43] in many context. Let G be a compact (Hausdorff) group and let H be a closed subgroup of G. In this paper we will mainly address the following problems: (1) To find criteria for pseudo-differential operator to We begin this paper by recapitulating some basic Fourier analysis on homogeneous spaces on compact groups from [17] in Section 2 although a parallel theory of homogeneous space of compact Lie groups can be found in classical book of Vilenkin [42] and recent papers and books [1, 9, 15, 34] . Later in this section we present a global quantization (Ruzhansky and Turunen [37] ) on homogeneous spaces of compact groups related to a matrix-valued symbols. In Section 3, we give symbolic criteria of r-Schatten class operators defined on L 2 (G/H). In Section 4, we start our investigation on r-nuclear operator. We begin this section by providing sufficient conditions for an operator be r-nuclear in term of conditions on symbol of the operator. We also present a characterization of r-nuclear pseudo-differential operator on L p -space for homogeneous spaces of compact groups. We calculate the nuclear trace of related pseudo-differential operators. In Section 5, we find a symbol for the adjoint of r-nuclear pseudo-differential operators on homogeneous space of compact groups and give a characterization for self-adjointness. We also compute the symbol of the product of a nuclear operator and a bounded linear operator. We end this paper by presenting applications of our results in the context of heat kernels.
Fourier analysis and the global quantization on homogeneous spaces of compact groups
We begin this section by recalling some basic and important facts of harmonic analysis on homogeneous spaces of compact (Hausdorff) groups from [17] which is almost similar to the theory given in [1] and [42] (see also [9, 15, 34] ) for homogeneous spaces of compact Lie groups.
Let G be a compact (Hausdorff) group with normalized Haar measure dx and let H be a closed subgroup of G with probability Haar measure dh. The left coset space G/H can be seen as a homogeneous space with respect to the action of G on G/H given by left multiplication. Let C(Ω) denote the space of continuous functions on a compact Hausdorff space Ω. Define T H : C(G) → C(G/H) by
Then T H is an onto map. The homogeneous space G/H has a unique normalized G-invariant positive Radon measure µ such that Weil formula
be continuous unitary representation of compact group G on a Hilbert space H π . It is well-known that any irreducible representation (π, H π ) is finite dimensional with the dimension d π (say). Consider the operator valued integral
H is a bounded linear operator on H π with norm bounded by one. Further, T π H is a partial isometric orthogonal projection and T π H is an identity operator if and only if π(h) = I for all h ∈ H. Definition 2.1. Let H be a closed subgroup of a compact group G. Then the dual object G/H of G/H is a subset of G and given by
We would like to note here that the set G/H is the set of all type 1 representations of G with respect to H which was denoted by G 0 in [34, 42] . Let π ∈ G/H. Then the functions π 
Let ϕ ∈ L 1 (G/H, µ) and π ∈ G/H. Then the group Fourier transform of ϕ at π is a bounded linear operator defined by
on the Hilbert space H π , where for xH ∈ G/H the notation Γ π (xH) stands for the bounded linear operator on
is a Hilbert-Schmidt operator on H π and satisfies the following Plancherel formula as stated in next theorem.
where . S2 stands for the Hilbert-Schmidt norm on the space of all Hilbert-Schmidt operators on
We would like to record the following lemma whose proof is similar to [12, Lemma 2.5] by using the fact that the operator T π H is norm bounded by one. Lemma 2.4. Let G/H be a compact homogeneous space with normalized measure µ and let π ∈ G/H. Then for all 1 ≤ i, j ≤ d π we have
with the convention that for q = ∞ we have d
Given a continuous linear operator T :
where T Γ π stands for the action of T on the matrix components of Γ π (xH).
Now, let the symbol σ T is a matrix-valued global symbol for continuous linear operator T : C(G/H) → C(G/H) as above. Then we can recover the operator T by using the Fourier inversion formula as follows:
By using (2.3) and the relation π(
for all f ∈ C(G/H), µ-a.e. xH ∈ G/H and the sum is independent of the representation from each equivalence class [π] ∈ G/H. We will also write T = Op(σ T ) for operator T given by the formula (2.4) and will be called a pseudo-differential operator corresponding to matrix-valued symbol σ T . For more details and consistent development of this quantization on compact Lie group and the corresponding symbolic calculus we refer [37] and [38] .
Remark 2.5. Let H be a closed normal subgroup of the compact group G and let µ be the normalized G-invariant measure over the left quotient space G/H associated to the weil's formula. Then µ is a Haar measure over the compact quotient group G/H and G/H = H ⊥ := {π ∈ G : π(h) = I for all h ∈ H}. Moreover the Fourier transform (2.1), inverse Fourier transform (2.2) and the pseudo-differential operator given in (2.4) coincide with the classical Fourier transform, Inverse Fourier transform and pseudo-differential operator over the compact quotient group G/H respectively.
This section is devoted to the study of r-Schatten-von Neumann class of pseudo-differential operators on the Hilbert space L 2 (G/H). We begin this section with the definition of r-Schattenvon Neumann class of operators.
If H is a complex Hilbert space, a linear compact operator A : H → H belongs to the r-Schatten-
where s n (A) denote the singular values of A, i.e. the eigenvalues of |A| = √ A * A with multiplicities counted.
For 1 ≤ r < ∞, the class S r (H) is a Banach space endowed with the norm
For 0 < r < 1, the · Sr as above only defines a quasi-norm with respect to which S r (H) is complete. An operator belongs to the class S 1 (H) is known as Trace class operator. Also, an operator belongs to S 2 (H) is known as Hilbert-Schmidt operator.
Let
The following theorem gives a characterization of Hilbert-Schmidt pseudo-differential operators on G/H. We would like to remark here that the following theorem is already proved by the first author in [29] using a different method.
be a continuous linear operator with the matrix-
where the kernel is given by
We have
where τ (xH, ξ) = σ T (xH, ξ)T ξ H . Therefore, using Plancherel's formula, we have
The following lemma is a consequence of the definition of Schatten classes (see [14] ) which is needed to obtain our main result.
The corollary below is the main result of this section which present a characterization of a pseudo-differential operator on L 2 (G/H) to be a Schatten class operator. The proof follows from Lemma 3.2 with t = 2 and Theorem 3.1.
Characterizations and traces of
This section is devoted to study of r-nuclear operators on Banach spaces L p (G/H). Here we present a symbolic characterization of r-nuclear operators and give a formula for the nuclear trace of such operator. We will begin this section by recalling the basic notions of nuclear operators on Banach spaces.
Let 0 < r ≤ 1 and T be a bounded linear operator from a complex Banach space X into another complex Banach space Y such that there exist sequences {x
Then we call T : X → Y a r-nuclear operator and if X = Y, then its nuclear trace Tr(T ) is given by
It can be proved that the definition of a nuclear operator and the definition of the trace of a r-nuclear operator are independent of the choices of the sequences {x ′ n } ∞ n=1 and {y n } ∞ n=1 . The following theorem is a characterization of r-nuclear operators on σ-finite measure spaces [11] .
Theorem 4.1. Let 0 < r ≤ 1. Let (X 1 , µ 1 ) and (X 2 , µ 2 ) be σ-finite measure spaces. Then a bounded linear operator T :
where
The nuclear trace Tr(T ) of T :
Now, we present a characterization of r-nuclear pseudo-differential operators from
linear operator with the matrix-valued symbol σ T on G/H × G/H. Suppose that the symbol σ T satisfies
Then the operator T is r-nuclear.
Proof. Since the operator T can be written as
the kernel of T is given by
Now we write
and set that
By taking into account that |Γ ξ (xH) ik | ≤ 1, we get
denotes the Lebesgue conjugate of p 1 then we have
Hence, by invoking Theorem 4.1 it follows that T is r-nuclear.
Next theorem gives the necessary and sufficient conditions for an operator to be r-nuclear in terms of symbol decomposition. 
for all xH ∈ G/H. Let ξ be a fixed but arbitrary element in G/H. Then for 1 ≤ m, n ≤ d ξ we define the function f on G/H by f (wH) = Γ ξ (wH) nm , wH ∈ G/H.
if and only if π = ξ, i = n and j = m, and is zero otherwise, it follows from (4.2) that
Conversely, suppose that there exist sequences
for all xH ∈ G/H. Therefore by Theorem 4.1, it follows that T is r-nuclear.
In the next theorem, we will give another characterization of r-nuclear pseudo-differential oper- 
So we have
Therefore, for all xH, yH ∈ G/H, we get
and for all xH and yH in G/H,
for all xH ∈ G/H. This completes the proof.
An immediate consequence of Theorem 4.4 gives the trace of a r-nuclear pseudo-differential operator on L p (G/H) for 1 ≤ p < ∞. Indeed, we have the following result.
operator with the matrix-valued symbol σ T on G/H × G/H. Then the nuclear trace of T is given by
Proof. Using trace formula (4.1) and Theorem 4.4 we have
Since T ξ H is an orthogonal projection therefore,
Adjoint and product of nuclear pseudo-differential operators
In this section we give a formula for the symbols of the adjoints of r-nuclear pseudo-differential operators from
where G is a compact Hausdorff group and H be a closed subgroup of G.
, from the definition of the adjoint of an operator we have
Now, let γ and η be elements in G/H. Then for 1 ≤ i, j ≤ d γ and 1 ≤ p, q ≤ d η , we define the functions f and g on G/H by
Therefore, from (5.1) it folllows that
and so
Thus,
Therefore, for all (xH, η) ∈ G/H × G/H, we get from (5.2)
and hence
As an application of Theorem 4.3 and Theorem 5.1, in the next corollary we give a criterion for the self-adjointness of r-nuclear pseudo-differential operators. 
We can give another formula for the adjoints of r-nuclear operators in terms of symbols. Indeed, we have the following theorem.
which is eventually same as
Thus by Theorem 5.1,
Another criterion for the self-adjointness of r-nuclear pseudo-differential operators on homogeneous space of compact groups is as follows. Therefore,
[ξ],i,j
the last convergence is follows from any of the Weyl formula, see, for example [9] . Therefore, e −tL G/H is a nuclear operator. Similarly one can prove r-nuclearity of e −tL G/H . By Corollary 4.5 and by using the fact that measure µ on G/H is normalized, the nuclear trace formula of e −tL G/H given by 
